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The process of superradiance can extract angular momentum and energy from astrophysical black
holes (BHs) to populate gravitationally-bound states with an exponentially large number of light
bosons. We analytically calculate superradiant growth rates for vectors around rotating BHs in
the regime where the vector Compton wavelength is much larger than the BH size. Spin-1 bound
states have superradiance times as short as a second around stellar BHs, growing up to a thou-
sand times faster than their spin-0 counterparts. The fast rates allow us to use measurements of
rapidly spinning BHs in X-ray binaries to exclude a wide range of masses for weakly-coupled spin-1
particles, 5 × 10−14 − 2 × 10−11 eV; lighter masses in the range 6 × 10−20 − 2 × 10−17 eV start
to be constrained by supermassive BH spin measurements at a lower level of confidence. We also
explore routes to detection of new vector particles possible with the advent of gravitational wave
(GW) astronomy. The LIGO-Virgo collaboration could discover hints of a new light vector particle
in statistical analyses of masses and spins of merging BHs. Vector annihilations source continuous
monochromatic gravitational radiation which could be observed by current GW observatories. At
design sensitivity, Advanced LIGO may measure up to thousands of annihilation signals from within
the Milky Way, while hundreds of BHs born in binary mergers across the observable universe may
superradiate vector bound states and become new beacons of monochromatic gravitational waves.
I. INTRODUCTION
Light, weakly-coupled new particles are a feature of
many beyond Standard Model (SM) physics scenarios [1–
3], and depending on how they couple to the SM, there
are a plethora of ways in which they can be searched
for experimentally. At an absolute minimum, any new
particles must interact gravitationally. However, the very
high value of the Planck scale results in very small rates
for the purely-gravitational production of new particles.
One way to get around very small production rates
is to take advantage of coherent enhancement. As in a
laser, it can lead to exponential amplification of a very
small initial population (including vacuum fluctuations).
For light bosonic particles, such a setup can be realized
around a spinning black hole (BH), where gravitational
bound states of the bosonic field can extract energy and
angular momentum from the BH through ‘rotational su-
perradiance’, the wave analogue of the Penrose process
[4–6]. This process results in the exponential growth of
some bound states, eventually spinning down the BH and
creating a very high occupation number bosonic ‘cloud’
around it.
Using BH superradiance as a tool to search for new
light bosons was proposed in [2], and spin-0 superra-
diance dynamics and phenomenology have been stud-
ied in many papers [7–16]. While there are superra-
diant (growing) bound states for any scalar mass, the
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growth rates are very suppressed for Compton wave-
lengths significantly larger or smaller than the BH size.
Observationally, the two main signatures are the lack
of rapidly-spinning BHs, and the monochromatic grav-
itational waves (GWs) sourced by the bosonic cloud it-
self [11, 13]. Precise measurements of BH spins through
X-ray observations constrain sufficiently weakly coupled
spin-0 particles over a wide mass range, while near-term
gravitational wave observations have the potential to dis-
cover such particles at other masses [11, 13, 16].
In this paper, we study the theory of spin-1 su-
perradiance around BHs, and use the associated as-
trophysical phenomenology to search for and constrain
gravitationally-coupled massive vector particles below
10−11 eV. It is technically natural for vectors to have
small masses, and there are a number of string theory
constructions which result in very light and weakly cou-
pled spin-1 particles [17, 18]. Computationally, the ex-
tra degrees of freedom in vector fields, as compared to
scalar fields, make solving for the behavior of bound
states more challenging. However, for vector Compton
wavelengths larger than the BH size, the bound states
are ‘non-relativistic’ and hydrogen-like, and we analyti-
cally compute the growth and decay rates of such states.
Our calculation applies around Kerr BHs of arbitrary
spin, which is significant since astrophysical signatures
from superradiance are dominated by fast-spinning BHs.
The dynamics of light vector fields around slowly rotat-
ing and/or Schwarzschild BHs have been studied in a
number of previous works, including a combination of
analytic and numerical techniques [19–21] and EFT op-
erator matching [22]. Our results agree with numerical
computations in the close-to-Schwarzschild limit, and ex-
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2plain the scaling of superradiance rates with vector mass,
as found in the numerical computations of [19]. Extrap-
olated to more relativistic bound states, they are also
in approximate agreement with time-domain numerical
results [23, 24]. These results are summarized in Sec-
tion II C and discussed in detail in Appendix A.
The fact that a vector bound state can carry spin an-
gular momentum means that bound states which carry
no ‘orbital’ angular momentum can still grow by super-
radiant extraction of BH spin. The hydrogenic wave-
functions of such bound states have larger density near
the BH than superradiant light scalar bound states, since
the latter must carry orbital angular momentum. As a
result, vector bound state growth rates can be parametri-
cally larger than those for scalars. Consequently, vector
superradiance can be fast enough to be astrophysically
relevant over a wider range of vector and BH masses. In
Section III, we derive constraints on a range of vector
masses from existing measurements of rapidly rotating
BHs, and describe future signals that may be observed
in statistical analyses of BH spin-mass distributions in
LIGO data.
In Section IV, we compute approximate GW emission
rates from the non-relativistic vector bound states, with
further discussion in Appendix C. We estimate the ex-
pected number of sources that GW observatories such
as Advanced LIGO could observe in continuous wave
searches for coherent, monochromatic GWs. The higher
density of the zero orbital angular momentum vector
bound state near the BH, where the potential is fast-
varying, results in a larger high-momentum component
able to emit GWs, and gives a parametrically larger emis-
sion rate than superradiant scalar bound states. As a
result, GW signals from vector bound states could be
visible over cosmological distances, from across a large
fraction of the observable universe.
In this paper, we consider light vectors with purely
gravitational couplings. If a vector has other couplings to
itself or to SM matter, our results apply if they are small
enough such that gravitational interactions with the BH
remain dominant. We leave the question of how large
such couplings would have to be to change this story,
and whether such large couplings could have other ob-
servational consequences, to future work.
II. VECTOR BOUND STATES AND
SUPERRADIANCE
A. Spin-1 superradiance
Superradiant scattering of massless spin-1 particles
(e.g. the photon) in a Kerr background was calculated
by [25]. As for spin-0 particles, the condition for a mode
to be amplified is for the angular velocity of the BH hori-
zon to be larger than the angular phase velocity of the
wave mode,
ω
m
< ΩH , (1)
where ω is the frequency of the mode, m its angular mo-
mentum about the BH spin axis, and ΩH the angular
velocity of the BH horizon. This condition on the energy
to angular momentum ratio of the wave can be derived
from the black hole area theorem; superradiant modes
are those whose emission increases the BH area, so their
emission is allowed classically [26].
Rotational superradiance of spin-1 particles can occur
around systems other than black holes. Historically, the
first example worked out was Zeldovich’s calculation [4]
for superradiant scattering of EM waves from a conduct-
ing cylinder. In general, whenever an object is able to
absorb waves, and the superradiance condition in Eq. 1
holds (with ΩH taken to be the angular velocity of the
object), it will be thermodynamically favored for the ob-
ject to spin down by emitting superradiant wave modes.
For the gravitationally-coupled vectors we are consider-
ing, this means that spinning objects other than BHs,
such as neutron stars, planets, etc., will also superradiate.
The reason why we focus on BHs is that the amplification
rates for superradiant vector modes around other objects
will generally be many, many orders of magnitude lower.
This is because other objects absorb gravitationally cou-
pled vectors much less efficiently than black holes, and
spin much slower than a near-extremal BH of comparable
size.
Since there are no gravitational bound states of a mass-
less vector around a BH, superradiant amplification only
occurs during a single ‘pass’, and amplifies the incom-
ing energy by at most 4.4% [25]. The ‘black hole bomb’
thought experiment of [27] evaded this limitation by plac-
ing a mirror around the BH. A superradiant mode con-
fined by the mirror can then be amplified exponentially,
eventually extracting an O(1) fraction of the BH’s spin.
The addition of a vector mass effectively allows the BH’s
gravitational potential to act as a ‘mirror’, confining su-
perradiant modes around the black hole and enabling
their exponential growth. The rest of this section will
investigate the dynamics of these gravitationally-bound
states.
B. Bound states
We consider a free massive spin-1 field Aµ with La-
grangian1
LA = −1
4
FµνF
µν − 1
2
µ2AµA
µ . (2)
In this paper, we assume a Stuckelberg-type mass for
the vector, i.e. there are no additional light degrees of
1 We use the −+ ++ signature.
3freedom; we comment briefly on the problems associated
with a low-scale Higgs mechanism in Section II F. Aµ
obeys the Proca equation of motion,
DµF
µν = µ2Aν , (3)
where Fµν ≡ ∂µAν − ∂νAµ is the usual field strength.
This implies the ‘Lorentz condition’ DµA
µ = 0. To find
the bound states of a massive vector around a BH, we
need to solve the Proca equation in the Kerr metric (as we
will see, the BH horizon means that there are generally
only metastable ‘quasi-bound’ states [28]). In general,
this has to be done numerically. However, for vectors
with Compton wavelength large compared to the size of
the black hole, we expect the rg/r part of the metric to
be most important, where rg ≡ GMBH. In these cir-
cumstances, the bound states are ‘non-relativistic’ and
hydrogen-like.
Non-relativistic bound states will oscillate with fre-
quency ω ' µ, where we write
Aµ(t, x) =
1√
2µ
(
Ψµ(x)e−iωt + c.c.
)
. (4)
Quasi-bound states will have complex ω (when we com-
pare ω to real quantities, e.g. inequalities such as ω <
mΩH , we implicitly mean the real part of ω). For r  rg,
we will assume that Ψµ varies slowly on scales µ−1, i.e.
that its momentum components are non-relativistic, and
also that the metric is close to flat. Then, keeping only
the terms that are not suppressed by small momenta, the
Proca equation becomes
(ω2 − µ2)Ψν ' −∇2Ψν + ω2(1 + g00)Ψν . (5)
In the Kerr metric at r  rg, g00 ' −(1 − 2rg/r) so we
have a Schro¨dinger-type equation describing motion in a
1/r potential,
(ω − µ)Ψν ' −∇
2
2µ
Ψν +
α
r
Ψν , (6)
where α ≡ rgµ.
Using the Lorentz condition, ∂tA0 ' ∂iAi, we can solve
for Ψ0 in terms of Ψi, and find all of the bound states
by solving the Ψi Schro¨dinger equation. Since the 1/r
part of the potential is spherically symmetric, we can
(at leading order) separate Ψi into radial and angular
functions,
Ψi = R
n`(r)Y `,jmi (θ, φ), (7)
where the angular functions are ‘pure-orbital vector
spherical harmonics’ [29], which are eigenfunctions of
the orbital angular momentum operator: −r2∇2Y `,jmi =
`(`+1)Y `,jmi . The j label corresponds to the total angu-
lar momentum of the state, while m is the total angular
momentum along the z axis, and ` ∈ {j − 1, j, j + 1} is
the ‘orbital angular momentum’ (see App. A).2
The equation for the radial wavefunction Rn`(r) is the
same as for the scalar Coulomb problem, so the bound
state radial wavefunctions are hydrogenic, labelled by or-
bital angular momentum ` and overtone number n. The
leading-order energy levels are hydrogen-like,
ω ' µ
(
1− α
2
2(n+ `+ 1)2
)
. (8)
Figure 1 shows the Ai fields at a moment in time, for a
set of j = 1 bound states. These illustrate how the ampli-
tude varies with radius in a hydrogen-like way (controlled
by `), and how the total angular momentum is a combi-
nation of spin and orbital components. As we will see in
the next section, the fastest-growing bound state around
a fast-spinning BH will be the ` = 0, j = m = 1 state
with n = 0. The real time-dependent fields for this state
have leading-α form
Ai =
1√
piµ1/2a3/2
e−r/a
− cosωt− sinωt
0
 , (9)
A0 =
1√
piµ3/2a5/2
e−r/a sin θ cos(ωt− φ) , (10)
where a ≡ 1/(µα) is the characteristic size of the bound
state.
C. Superradiance rates
If a bound state satisfies the ΩH > ω/m superradiance
condition, then — assuming that gravitational perturba-
tions to the Kerr background are small — it will grow
with time, exponentially increasing in amplitude as it
extracts energy and angular momentum from the BH. In
particular, this process is possible for any mass µ (though
for large µ, only large-m modes will satisfy the superra-
diance condition, Eq. 1). However, for superradiance to
be important for astrophysical BHs, the growth rate of
bound states needs to be fast, at the very least compared
to the age of the BH. As in the case of scalar bound
states [10, 11], it will turn out that the growth rate is a
rapidly-varying function of α, falling off as a high power
of α for α  1, and exponentially suppressed for super-
radiant states with α 1.
There are no full analytic solutions for scalar or vec-
tor bound states in a general Kerr background, and in
2 Our notation differs from some existing literature: [19] mis-
identifies ` as the total angular momentum of the bound states,
and [19–21] have ` and j swapped compared to our usage. Our
notation is the same as [22]. The basis used in [19] is the ‘pure-
spin vector spherical harmonics’ of [29]; the linear combinations
of these found in [19] for non-relativistic bound states at long
distances are precisely the pure-orbital harmonics.
4FIG. 1. The Ai field at a moment in time for the lowest-
radial-overtone j = 1, m = 1 hydrogenic bound states, with
` = 0, 1, 2 from top to bottom. The size and color of an arrow
correspond to the magnitude of Ai at that point. The change
in the field over time corresponds to rotating each figure about
its vertical axis, with angular frequency ω ' µ.
most cases, no approximate analytic solution that is
close to the true solution at all radii. So, to obtain
bound state growth and decay rates, one either needs
to solve the wave equation numerically, or match to-
gether approximate solutions with different regimes of
validity. In Appendix A, we review these different ap-
proaches, and perform an analytic matching calculation
which gives the leading form of the growth and decay
rates in the small-α approximation. Far away from the
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FIG. 2. Analytic approximations to superradiance rates for
the fastest-growing vector bound states, at each value m of
angular momentum about the BH spin axis, for a Kerr BH
with a∗ = 0.99 (upper solid curves). The black data points
are full numerical results from [23]. For the highest super-
radiance rate, including the subleading correction to bound
state energy found in [23] improves the fit to numerical results
at high α (dashed green curve). The lower red curves show
the numerical results [10] (dotted) and analytic approxima-
tion (dashed) for the superradiance rate of the fastest-growing
scalar bound state. The top axis shows the BH mass corre-
sponding to a given α for vector mass µ = 10−12 eV. The
right-hand axis shows the growth e-folding time in seconds,
again for µ = 10−12 eV. The curve for the ` = 0, j = m = 1
mode is the full leading-α rate, along with higher-order cor-
rections from mΩH − ω terms (see Appendix A). The curves
for the `, j,m = 1, 2, 2 and `, j,m = 2, 3, 3 modes show the
sub-component of the superradiance rates due to Poynting
flux through the BH horizon. These are underestimates of
the full leading-α rates (Appendix A), but have the correct
scaling in the α 1 limit.
BH, the bound state wavefunctions are hydrogen-like, as
described above. Close to the BH, the mass term in the
Proca wave equation becomes a sub-leading correction,
allowing us to use the behaviour of massless waves in
a Kerr background to determine the energy flux across
the horizon. Matching these two regimes together, the
leading-α growth rate for a vector bound state scales as
Γ ∼ α2j+2`+5(mΩH − ω) , (11)
(where we have also taken mΩH−ω to be a small param-
eter, to show the behavior near the ω = mΩH crossover
point) compared to the scalar form
Γscalar ∼ α4`+5(mΩH − ω) . (12)
In both cases the rate scales as α2`+2j+5 — the difference
in the vector case is that we do not always have j = `.
Roughly speaking, the more localized the bound state
wavefunction is close to the BH, and the smaller the total
angular momentum barrier it faces to reach the horizon,
the larger the growth or decay rate.
The difference between scalar and vector rates has the
important consequence that the fastest-superradiating
5mode for a vector, the ` = 0, j = m = 1 mode, has
leading-α growth rate 3
Γ ' 4a∗α6µ , (13)
where a∗ ≡ JBH/(GM2BH) ∈ [0, 1) is the BH spin,
which is related to the horizon angular velocity by ΩH =
1
2
(
a∗
1+
√
1−a2∗
)
µα−1. In contrast, the fastest-growing
level for a light scalar, the ` = m = 1 level, has
Γ ' 124a∗α8µ. Vector bound states can therefore, in the
non-relativistic limit, grow significantly faster than scalar
ones, as illustrated in Figure 2.
The strong α6 dependence of the superradiance rate
implies that, for a given BH, vectors with µ  r−1g will
have very small superradiance rates. For µ r−1g , states
must have m 1 to be superradiant. The ingoing com-
ponent must therefore tunnel through a large angular mo-
mentum barrier, which results in an exponential suppres-
sion of the tunnelling rate [8, 11]. Thus, vector masses
much larger than r−1g also have very small superradiance
rates. Combining these results, we expect astrophysically
significant bound state growth rates to occur for vectors
whose Compton wavelength is of approximately the same
order as the size of the BH.
Figure 2 shows the superradiance rates for the fastest-
growing bound states at each m value, around a very-
fast-spinning (a∗ = 0.99) Kerr BH, illustrating the prop-
erties discussed above. For comparison, we also show the
superradiance rate for the fastest-growing scalar mode,
including both the small-α analytic approximation and
numerical results from [10]. [23] performs a full numeri-
cal computation of the (time-domain) evolution of vector
bound states in a Kerr background. Comparing their re-
sults for the fastest-growing vector mode to our analytic
calculation, we find good agreement for the superradiant
growth rate of the fastest-growing level (to within O(1)
across the entire range).
D. Black hole evolution by superradiance
The growth of superradiant bound states can begin
spontaneously, without the need for any pre-existing den-
sity of the vector field. Though the calculations in this
paper are all on the level of classical fields, at the quan-
tum level one can view superradiance as amplifying vac-
uum fluctuations, with decoherence turning the result-
ing state into a mixture of coherent, classical-like bound
state oscillations. Consequently, while the light, weakly-
coupled vector fields we consider could be dark matter
candidates, superradiance will occur whether or not there
is a pre-existing astrophysical abundance.
3 These are the growth rates for the energy density of the bound
states (equivalently, for their ‘occupation number’); the growth
rate for the field amplitude is a factor 1/2 smaller, with Im(ω) =
Γ/2.
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FIG. 3. Effect of superradiance on a BH due to a vector
(bold) or scalar (dotted) with mass µ = 10−12 eV. Shaded
regions above the lines correspond to BH parameters that
result in spin-down within a typical binary lifetime Γm >
1
τbh
logNm, shown for τbh = 5 × 106 years, for levels with
total angular momentum j = 1 to j = 4. We also show an
example evolution in the spin-mass plane of a 20M BH with
initial spin a∗ = 0.9. The dashed lines correspond to the
superradiance boundaries for each m value.
If the superradiance time of the fastest-growing bound
state — with j = m = ` + 1— is significantly smaller
than the age of the BH, then its exponential growth will
extract enough energy and angular momentum from the
BH to bring ΩH down to the superradiance boundary
for that level. For a BH starting with spin a∗,0, if the
cloud extracts a fraction ∆a∗/a∗,0 of its initial angular
momentum, the final occupation number4 of the cloud
will be
Nm ' GM
2
BH∆a∗
m
' 10
77
m
(
MBH
10M
)2
∆a∗
0.1
; (14)
this behavior is borne out by full numerical time-domain
simulations [30]. Since the angular momentum of fast-
spinning stellar-mass BHs is so high, it takes the cloud
∼ log(Nm) ∼ 180 e-folds of growth, starting from vac-
uum fluctuations, to extract an order-1 fraction of the
BH’s angular momentum. For small α, this corresponds
to the extraction of a small proportion of the black
hole’s mass, since ∆MBH ' µNm ' αMBH∆a∗/m, and
α/m < 12
a∗
1+
√
1−a2∗
for a superradiant level. If annihila-
tion rates of vectors to gravitational waves (Section IV)
are sufficiently rapid, the cloud may not reach maximum
size before annihilations begin to deplete it; however, we
4 The bound states grow into coherent classical oscillations of the
vector fields, so are not Fock states with a definite occupation
number. However, the occupation numbers involved are so large
that the fractional variance in occupation number for the coher-
ent states is tiny, so we can sensibly discuss bound state occupa-
tion numbers.
6do not expect this to be the case in the non-relativistic
limit.
After the growth of a given level stops, higher-m modes
will still be superradiant. If the fastest-growing of these
has a sufficiently small superradiance time, the process
will repeat, with the BH being spun down to the next
superradiance boundary. Since it takes ∼ 180/m e-folds
of growth for a bound state level to extract a significant
fraction of a roughly-stellar-mass BH’s spin, a BH spends
most of its lifetime very near each superradiance bound-
ary, with the transits between them occurring mostly in
the last e-fold of each level’s growth.
Figure 3 illustrates this evolution for a BH with initial
mass 20M and initial spin a∗ = 0.9, assuming the exis-
tence of a weakly-coupled vector of mass µ = 10−12 eV
(giving α = 0.15). The strong dependence of the su-
perradiance rate on m means that, though the m = 1
and m = 2 levels grow quickly compared to astrophysical
timescales, the m = 3 level does not have time to grow
in the age of the universe, so the BH spends almost its
entire lifetime on the m = 2 superradiance boundary, at
a∗ ' 0.3 and M ' 18.5M. The solid curves plotted in
Figure 6 are the isocontours of Γm =
1
τbh
logNm, where
τbh is the lifetime of the BH (here taken to be 5×106 yr).
If a black hole is born above these curves, then it will
be spun down by the growth of successive superradiant
levels until it reaches a superradiance boundary on or
below the curves. If it is born below the curves, it will
be unaffected by superradiance. Figure 6 illustrates the
results of these processes on a selection of initial BH
masses and spins, showing how superradiance depopu-
lates the region above the superradiance rate contours,
and leaves a population of BHs scattered along the super-
radiance boundary curves (with the slight complication
that the figure considers BHs in binary systems, where
a sufficiently close companion can disrupt superradiance,
as discussed in Section II E).
As we will see in Section IV, bound states are de-
pleted by annihilations to gravitational radiation once
they have grown to large occupation number. In most cir-
cumstances, the difference between superradiant growth
rates for successive m is large enough that, on a timescale
short compared to the growth timescale of the next level,
the previous level’s occupation number has mostly anni-
hilated away. Once the next level has extracted enough
spin from the BH, the previous level goes from being al-
most on the superradiance boundary, to decaying into the
BH. The result is that the small occupation number that
did not annihilate away falls back into the BH, delaying
the spin-down process very slightly (though not making
a significant impact).5
5 This pattern of levels sequentially growing from, and then falling
back into, a BH, is explored by [31, 32] for the case of charged
field superradiance of a Reissner-Nordstrom BH.
E. Perturbations
The presence of a perturbation to the BH gravitational
potential can affect superradiance by mixing a growing
level with a decaying one. In particular, a binary com-
panion sources a dipole-type gravitational potential (to
leading order in the ratio of BH size to companion dis-
tance), which can mix levels which have a small energy
splitting and different angular momentum numbers.
For vectors, the j = 1, ` = 0 level — which domi-
nates the phenomenology — is especially robust against
perturbations because there are no bound states that de-
cay with a rate faster than its superradiance rate. Fur-
thermore, it is the state with the lowest energy, with a
large O(α2) energy difference from other levels, which
further suppresses the mixing. For example, for binary
systems the largest mixing term is the dipole term with
∆j = ∆` = 1. So, at leading order, the fastest-growing
j = 1 level can only mix with the N = 2, j = 0, ` = 1,
m = 0 state, where N = n+ `+ 1 is the principal quan-
tum number. Because these states have different ener-
gies (∆N 6= 0), the mixing is further suppressed, and an
external perturbation has to be close to order one to sig-
nificantly affect whether the state is superradiant. For
typical binary systems, this translates into the condition
that the cloud is sufficiently tightly bound, α & 10−3,
and does not affect the signals or constraints. More de-
tails for this estimate, as well as perturbations of j > 1
levels, are covered in Appendix B.
F. Effects of interactions
The BH evolution described above only takes into ac-
count the gravitational interactions of the light vector.
The vector may also have non-gravitational interactions
with SM matter. As long as such couplings always have
sub-dominant effects to the gravitational potential of
the BH, superradiance proceeds broadly as we have de-
scribed.
There is also the possibility of the vector having non-
gravitational interactions with other non-SM states —
for example, if it gets its mass via a Higgs mechanism.
Such states will induce self-interactions of the vector, and
if the superradiant cloud reaches a high enough density,
may be produced on-shell (in analogy to Schwinger pair
production). The energy density of a cloud that has ex-
tracted O(1) of a BH’s spin is
ρ∼ αM
a3
∼ α
7
G3M2
∼(20 MeV)4
(
10M
M
)2 ( α
0.2
)7
; (15)
so, for the purely gravitational interactions to dominate,
the new states must be sufficiently heavy and/or weakly
coupled. If there is some astrophysical abundance of
states which interact with the vector, their interactions
with the cloud could also change the evolution around
BHs.
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FIG. 4. The areas above the curves correspond to initial BH
parameters affected by superradiance within 5 × 106 years,
in the presence of a vector with mass µ = 10−11 eV. The
data points are stellar BH measurements with 2σ errors. We
use the five with the highest spin measurements (listed in Ta-
ble I) to constrain vector masses — BH parameters above the
curves, such as the two fastest-spinning BHs in this Figure,
rule out a given vector mass.
III. BLACK HOLE SPIN MEASUREMENTS
A. X-ray Binaries and Supermassive Black Holes
In recent years, an increasing number of stellar BH [33]
and supermassive BH (SMBH) spins [34] have been mea-
sured. The stellar BHs are in binary systems with a com-
panion star. For both stellar BHs and SMBHs, their ac-
cretion disks are used to extract information about their
spin. The methods used fall into two categories: con-
tinuum fitting [35] and X-ray relativistic reflection [34],
which measure properties of the accretion disk to find
the radius of the innermost stable orbit and extract the
BH spin. Because a BH that satisfies the superradiance
condition can lose its spin quickly on astrophysical time
scales, these spin measurements place new limits on vec-
tor masses.
Similar to Fig. 3, Fig. 4 shows regions where super-
radiance of the j = 1, ..., 5 levels for a µ = 10−11 eV
vector will spin down a BH. Each region satisfies the su-
perradiance condition, and also has a superradiance rate
fast enough to grow a maximally-filled cloud within the
relevant BH time scale, τbh; τbh varies between systems
so the regions shown in Figure 4 are approximate. τbh is
the shortest time scale on which superradiance can be dis-
rupted: for stellar BHs, we use the shorter of the age and
the shortest timescale on which the spin can change by
accretion, while for SMBHs, the accretion timescale is the
relevant one. We conservatively use τbh < τSalpeter/10,
to account for possible periods of super-Eddington ac-
cretion, where τSalpeter ∼ 4.5× 107 years [36, 37].
Figure 4 also shows BH spin and mass data with 2σ
errors.6 A BH excludes the vector mass if it lies in the
shaded region, within experimental error. The faster su-
perradiance rates of vectors compared to scalars allows
more BHs to be useful in excluding vector masses. The
two most rapidly spinning BHs clearly exclude this mass
for the vector particle.
As the mass of the vector increases, the affected regions
shift to the left, towards lower BH masses. For a given j
level and a given BH data point, the superradiance con-
dition is no longer met at some maximum vector mass.
Decreasing the mass of the vector causes the affected re-
gions to shift to the right. The minimum BH mass for
exclusion is determined by requiring that the superradi-
ance rate remains fast enough to grow a maximally-filled
cloud within the relevant BH time scale,
Γsrτbh ≥ logNm . (16)
In the presence of non azimuthally-symmetric pertur-
bations to the cloud, e.g. from the accretion disk or the
companion star, a given level can mix with decaying
bound states, which can relax the constraint at low vec-
tor mass [13]. However, for the stellar mass BH systems
we consider, the perturbations are a sub-leading effect,
as discussed in Appendix B.
The resulting constraints are shown in Figure 5. In
Figure 5 (right), each stellar BH places a limit on the
vector mass. The overlapping rectangles correspond to
different j levels which set a constraint. For example,
the BH Cyg X-1 places limits on vector masses with the
j = 1, ..., 5 levels.
For SMBHs shown in Figure 5 (left), we conservatively
use the j = 1 level to set constraints. The j > 1 lev-
els may place an additional constraint at higher vector
masses. However, the density of the accretion disk grows
quickly with BH mass, so the effect of accretion disks
around SMBHs on the cloud is relatively larger than
those around stellar mass BHs. Although the mass in
the accretion disk is small compared to the BH mass, es-
timating the size and form of the perturbation relies on
details of the disk [13]. The j = 1 level is robust against
small perturbations, since the decay rate of the fastest
decaying bound state also scales as ∼ α7, similar to the
j = 1 superradiance rate; we save the extension of limits
using higher levels to future work.
The constraints set using spin measurements depend
on our computation of the superradiance rates (see Ap-
pendix A) and thus have some theoretical uncertainty.
In Figure 5, we indicate the uncertainty with gray bands.
The right and left edges of these gray bands are set by
superradiance rates 12× and 2× the calculated value. The
right edge of each j level is cut off by the superradiance
condition; one source of uncertainty is the energy of the
6 For the more slowly spinning BHs, we do not have a reliable 2σ
estimate so we assume a Gaussian error on the mass and spin for
visualization.
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FIG. 5. Left: Constraints on mass of vectors derived from quickly-rotating supermassive BHs (at 90% confidence). Only the
j = 1 level is used to set a constraint. Right: Constraints on mass of vectors derived from quickly-rotating stellar-mass BHs (at
2σ). Each rectangle corresponds to a j-level which sets a constraint, starting with j = 1 on the left. The gray bands account
for theoretical uncertainty in the superradiance rates; the right and left edges of these bands are set by superradiance rates 1
2
×
and 2× the analytic value, respectively.
bound state that goes into the superradiance condition.
We expect the uncertainty in the energy to be less than
the lowest order correction in α, δω ∼ α22N2µ.
In Table I, we list details about the stellar BHs used to
set limits in Figure 5. In addition to their spins, which
are determined by both methods, these BHs have precise
measurements for their masses, as well as estimated ages
for the binary systems. They set limits on the vector
mass in the range 5× 10−14 eV < µ < 2× 10−11 eV. The
lower limit is about an order of magnitude better than
that for scalars (6 × 10−13 eV – 2 × 10−11 eV) [13], by
virtue of the faster superradiance rates for vectors and
weaker level-mixing of the leading j = 1, ` = 0 bound
state.
Details about the SMBH masses and spins that we
used to set limits in Figure 5 are listed in Table II.
We assume approximately Gaussian errors to estimate
the 90% interval on the masses. We use one-tenth of
the Salpeter time to set the constraints, ensuring that
superradiance is the fastest process affecting the BH
spin evolution. The SMBHs exclude the mass range
6 × 10−20 eV < µ < 2 × 10−17 eV (with the exception
of a small gap around 1× 10−19 eV).7 We consider these
limits preliminary since the properties of SMBHs are less
well-known, and the spin measurements only come from
X-ray reflection [34].
7 This mass range is slightly less constraining than found in [21]; we
use superradiance rates for the j = 1, ` = 0 mode (while [21] use
the slower j = 1, ` = 1 mode for the conservative bound), take
into account the ∼ 180 e-folding times needed to grow the cloud,
and use an updated set of BH measurements (which includes a
new BH [34], but has a smaller spin for Fairall 9 than used in
[21]). In addition, we assume purely gravitational interactions,
while [21] consider the SM photon with a mass, the dynamics of
which would be strongly affected by the plasma surrounding a
SMBH.
As more BHs are measured with better precision, we
expect the limits to extend further.
B. Binary black hole mergers
Black hole spins have only recently been measured
in another way: via the GW signals from binary BH
(BBH) mergers, as observed at aLIGO [53]. Compared
to the spin measurements in X-ray binary systems, the
GW measurements of the two pre-merger spins have very
large errors, (roughly σa∗ & 0.3 [53]). However, as the
sensitivity of gravitational wave observatories improves,
they will detect an increasing rate of such mergers. Ad-
vanced LIGO may build up a catalogue of hundreds of
spin measurements — at design sensitivity, aLIGO is ex-
pected to detect 80-1200 BBH merger events per year of
data [53–55]. This raises the possibility that, while indi-
vidual measurements are not very informative, the sta-
tistical properties of the whole set may provide evidence
for the altered BH mass vs. spin distribution predicted
by superradiance (as proposed for spin-0 superradiance
signals in [16]).
To give an example, Fig. 6 shows the effects of BH spin-
down through a weakly-coupled vector of mass 10−12 eV,
assuming (for illustrative purposes) that BHs are born
with a uniform spin distribution. As described in Sec-
tion II D, black holes that are born with high spin end
up on one of the superradiance boundary lines. For lev-
els with j > 1, the mixing due to the companion BH
may be significant, and can limit the growth of the cloud
at small α (see Appendix B); this effect is included in
the curves of Fig. 6.8 This neat picture is spoiled by
8 Since bound levels will, in general, annihilate away most of their
9# Object Mass (M) Spin Age (yrs) Period (days) Mcomp. star (M)
1 GRS1915+105 12.4+2.0−1.8 [38] > 0.95 [39, 40] 3− 5× 109 [41] 33.85 [42] 0.47 ± 0.27 [42]
2 Cyg X-1 14.8± 1.0 > 0.99 [43] 4.8− 7.6× 106 [44] 5.599829 [45] 17.8 [45]
3 GRO J1655-40 6.3± 0.5 0.72+.16−.24 [40] 3.4− 10× 108 [46] 2.622 [46] 2.3 - 4 [46]
4 LMC X-1 10.91± 1.4 0.92+.06−.18 [47] 5− 6× 106 [48] 3.9092 [49] 31.79±3.48 [49]
5 M33 X-7 15.65± 1.45 0.84+.10−.10[40] 2− 3× 106 [50] 3.4530 [51] & 20 [51]
TABLE I. Stellar-mass BHs that set limits on vectors as shown in Figure 5 (data compiled in [35] unless otherwise specified).
Mass and spin errors are quoted at 1σ and 2σ, respectively [40]. We use the lower continuum-fitting spin values for GRO
J1655-40 [34], and τbh = τSalpeter/10 for GRS1915+105 to set a conservative limit.
# Object Mass (106M) Spin
1 Ark 120 150± 19 0.64+0.19−0.11
2 Mrk 79 52.4± 14.4 0.7± 0.1
3 NGC 3783 29.8± 5.4 > 0.88
4 Mrk 110 25.1± 6.1 > 0.89
5 Mrk 335 14.2± 3.7 0.83+0.09−0.13
6 MCG-6-30-15 2.9+0.18−0.16 > 0.98
7 NGC 4051 1.91± 0.78 > 0.99
TABLE II. Supermassive BHs that set limits on vectors as
shown in Fig. 5 (compiled in [34, 52]; our analysis excludes
BHs without a mass error estimate). The mass and spin errors
are quoted at 1σ and 90% confidence interval, respectively.
the large spin measurement errors, which blur the mea-
sured distribution (Fig. 6, right panel) — however, there
is still an overdensity along the superradiance boundary
lines, and an under-density above the superradiance rate
isocontours.
In reality, it is unlikely that BHs are born with a uni-
form spin distribution. We also have no way of knowing
the formation history for a given BH binary; any given
pair may not have been able to superradiate, due to merg-
ing too quickly or forming too close together. A proper
estimate of the statistical detectability of superradiance-
induced spindown would, in addition to taking into ac-
count detector-related measurement errors, need to scan
over an astrophysically-plausible ranges of BH formation
histories and birth distributions in the mass-spin plane.
We will not attempt such an estimate here. Instead,
we show projections for the number of events required to
detect that the BH spin distribution varies with mass (as
per Fig. 6), without the statistical test assuming a partic-
ular form for the spin distribution. Such variation could
come from astrophysical mechanisms, as well as from su-
perradiance. Our estimates simply indicate the number
of events required to discover mass-dependent structure
in the BH mass-spin distribution — if this were to be
seen, a detailed study of possible astrophysical explana-
tions would be required. In constrast, if we had strong
energy to gravitational radiation (Section IV) before the BHs
merge, we do not need to worry about the gravitational effects
of the clouds once the BHs get close to each other.
priors on the astrophysical processes involved, then sig-
nificantly fewer events may be necessary to point to su-
perradiance; for example, simply seeing a deficit of high-
spin BHs may suffice.
Figure 7 shows our estimates for the number of events
required to detect mass-dependent structure in the BH
spin distribution. We have assumed a uniform initial
spin distribution [56], and a power-law BH mass distri-
bution ρ(M) ∝ M−2.35 [54], as were assumed in LIGO
analyses. Our measurement error estimates are based on
studies of intermediate mass BBHs; at design-sensitivity
LIGO/Virgo detectors, one expects to obtain a 90% con-
fidence interval of width |∆a∗| < 0.8 for total masses
up to 600M,9 and a ∼ 10% error in mass determi-
nation for an order-one fraction of primary BH masses
[57]. These measurement errors are broadly compara-
ble to those in the spin and mass posterior distributions
published by the LIGO collaboration for the three BBH
events observed in the O1 aLIGO run [53].
The ‘gap’ at intermediate masses in Figure 7 occurs
because superradiance there is too efficient — if such a
vector existed, practically all BHs in the observable mass
range would be spun down to very small spins. As a re-
sult, there would be no mass-dependent structure in the
BH spin distribution, and it would not be distinguish-
able from all of the BHs in such binaries having been
born with small spin. Of course, this would be inter-
esting in itself. Figure 7 illustrates that there is a strong
possibility of observing structure in the BH mass-spin dis-
tribution for vector masses an order of magnitude below
the exclusion from the X-ray binary spin measurements
(Section III), after ∼ hundreds of observed events. Such
a statistical test would be an interesting hint of a light
vector’s presence, and could not on its own easily be used
to exclude or confirm it.
As shown in Fig. 7, reducing the assumed merger time
from 1010 yr to 107 yr (the range suggested by BBH for-
mation models [55]) reduces the sensitivity of the sta-
tistical search at small vector masses, since superradi-
ance becomes too slow to spin down low-mass BHs, and
the effect of perturbations for j > 1 levels is increased.
9 For the most pessimistic case of equal BH masses and misaligned
spins; better measurements are possible for dissimilar masses or
aligned spins.
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FIG. 6. Expected distribution of spins and masses of merging BHs in the presence of a gravitationally-coupled vector of mass
10−12 eV (left), and as would be observed at Advanced LIGO (right). We assume typical values of σM/M ∼ 10% measurement
error in the mass and σa∗ ∼ 0.3 error in the spin [56, 57]. The distributions assume that all BBHs form at a distance such
that they take ∼ 1010 years to merge. The theoretical curves shown (black) are boundaries of the regions where superradiance
spins down BHs within 1010 yrs, and where the effect of the companion BH perturbation does not significantly affect the
superradiance rate.
Conversely, third-generation gravitational wave obser-
vatories may achieve much higher signal-to-noise BBH
merger detections, and consequently much higher preci-
sion progenitor spin measurements (e.g. a 90% interval
of |∆a∗| < 0.1 for a majority of high-SNR events [58]).
Along with the increased event rate, the higher preci-
sion would improve the reach of the statistical search,
and enable detailed investigation of any features found
by Advanced LIGO.
IV. GRAVITATIONAL WAVE SIGNALS
So far, we have considered the evolution of a massive
vector field on a fixed background. However, since su-
perradiance can extract O(α) of the BH’s energy into
the bound states, the gravitational effects of the bound
states may not be negligible. In particular, since superra-
diance builds up a coherent classical wave in the bound
states, it results in an oscillatory stress energy tensor,
which sources gravitational radiation. As we will see in
this Section, this gravitational radiation provides one of
the most important potential observational signatures of
a superradiant cloud. Such signatures were analyzed for
the case of scalar bound states in [2, 11, 13, 16]. Here,
we will discuss the corresponding signals for vectors.
Decomposing Aµ into a combination of oscillations in
different bound state levels,
Aµ =
1√
2µ
∑
i
√
Ni
(
Ψiµe
−iωt + c.c.
)
, (17)
the stress energy tensor is
Tµν ⊃ µ2AµAν + · · · = 1
2µ
∑
i,j
√
NiNj
ΨiµΨjνe−i(ωi+ωj)t︸ ︷︷ ︸
‘annihilations’
+ ΨiµΨ
j
ν
∗
e−(ωi−ωj)t︸ ︷︷ ︸
‘transitions’
+h.c.
+ . . . , (18)
where we have only displayed the AµAν term to demon-
strate the schematic form of Tµν . The components of
Tµν with quadrupole or higher angular dependence, and
non-zero time dependence, source gravitational radia-
tion in the usual way. At the particle level, the high-
frequency ωi+ωj ' 2µ terms correspond to annihilations
of two bound-state vectors to a single graviton, while the
ωi − ωj ∼ α2µ terms correspond to transitions from a
higher-energy level to a more deeply bound one.
Both of these processes result in monochromatic grav-
itational waves, emitted in a characteristic angular pat-
tern from the BH, at a frequency related to the mass
of the vector. Gravitational wave observatories, present
and future, can search for such signals.
A. Transitions
Transition signals will be sizable only in the case where
two levels are populated simultaneously at nearly maxi-
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FIG. 7. Number of observed events required to show varia-
tion of the BH spin distribution as a function of BH mass,
assuming the presence of a gravitationally-coupled vector of
mass µ. Blue (red) curves correspond to BHs taking 1010 yrs
(107 yrs) to merge. The solid curves shows the median num-
ber of events required to reject the separable-distribution hy-
pothesis at 2σ, assuming the initial mass-spin distribution
from Fig. 3; the upper/lower dashed curves show the up-
per/lower quartiles, respectively. The test statistic used is
the Kolmogorov-Smirnov distance between the spin distribu-
tions outside and inside a given BH mass range, maximized
over choice of mass range. The shaded region corresponds to
the exclusion from BH spin measurements in X-ray binaries,
as in Fig. 5. The raised segment at µ ∼ 10−13 eV occurs since
the spin-down process is so efficient that BHs over the entire
mass range considered are spun down to within measurement
error of zero, i.e. there is no mass-dependent structure of the
spin distribution.
mum cloud sizes. Since the occupation number attained
by slower-growing levels is exponentially suppressed by
the difference between their superradiance rates and that
of the fastest-growing level, this only occurs for lev-
els where the superradiance rates of the ‘excited’ and
‘ground’ states are similar. That is, we need Γg ∼ Γe,
where the excited state is the one with a larger real en-
ergy component, ωe > ωg; furthermore, the peak signal
strain scales and the superradiance rate [11, 13].
The frequency of the emitted radiation is suppressed
by the α2/N2 splitting between levels, so its wavelength
is long compared to the cloud size. As reviewed in Ap-
pendix C, this means that it is simple to reliably esti-
mate the rate of GW emission due to transitions. This
is approximately given by the quadrupole formula, so is
dominantly affected by the size of the cloud, controlled
by `. For the vector case, the fastest-superradiating level
at any time is one with j = ` + 1, with growth rate
Γ ∼ α4`+6µ. In comparison to the scalar case, where
the fastest-growing level has Γ ∼ α4`+4µ, a vector bound
state with equivalent transition rate (i.e. the same `) has
a smaller superradiance rate than its scalar equivalent.
For a given vector mass, we therefore expect to observe
fewer transition signals than we would for a scalar of
the same mass. Since Advanced LIGO has marginal sen-
sitivity to scalar transition signals, with optimistic as-
sumptions giving ∼ 0.3 detectable signals [13], we do not
expect it to be sensitive to transition signals from vector
superradiance.
Nevertheless, it is possible that at large α the superra-
diance rates have a different dependence on n than the
form we can extract in the α  1 limit. For example,
in the scalar case, numerical results [59] seem to indicate
that the n = 0 level for ` = m = 3 has a superradiance
rate that crosses over with those for other n at large α
and a∗. This may result in other levels giving rise to
transition signals, which could be more promising for ob-
servational purposes. We leave the investigation of such
issues to future work.
B. Annihilation rates
Annihilation signals have the advantage that they only
require a large occupation number in a single level,
so can occur without the coincidence of superradiance
rates required for transitions. However, as reviewed in
Appendix C, the annihilation rates are parametrically
smaller than transition rates, and are rather more subtle
to evaluate. The momentum of the emitted gravitational
wave is ∼ 2µ, which is much larger than the ‘typical mo-
mentum’ in a bound state, ∼ αµ; the high-momentum
behaviour of the bound state is dominated by the dis-
continuity from the e−r/a wavefunction dependence near
the origin. This gives an emission rate that scales as a
higher power of α compared to a quadrupole formula es-
timate, and also means that the small-r distortion of the
gravitational wave in the BH background can affect the
rates at the same order as the flat-space estimate.
In the flat-space approximation, we obtain an emit-
ted GW power of P ' 325 α12GN
2
r4g
for the fastest-growing
` = 0, j = m = 1 level. As discussed in Appendix C, and
similarly to the scalar case, it is necessary to take into ac-
count the modified propagation of the gravitational wave
due to the rg/r part of the metric in order to obtain the
leading-α rate. We estimate that this can increase the
power to ∼ 10× larger than the flat-space result,
P ∼ 60α12GN
2
r4g
. (19)
This compares to a GW power of ∼ 0.02α16GN2r−4g for
the fastest ` = m = 1 scalar bound state [14]. For both
scalars and vectors, the GW power emitted from a bound
state scales as α4`+12GN2r−4g , with the faster rates pos-
sible for vectors reflecting the existence of a ` = 0 super-
radiant level.
We use Eq. (19) as the central value for reach and
event rates and take the difference between the flat- and
curved-space rates as an estimate of the theoretical un-
certainty in the event rates plots. Numerical simula-
tions of the GW emission rate from the fastest-growing
level [23] approximately agree with our estimate, though
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they do not extend to small enough α to see the α12
scaling in the α 1 limit.
The angular distribution of GW emission is set, at
leading order in α, by the form of the Tij source. For
a j = m = 1 state, this corresponds to an emission pro-
file that is the same as for a standard quadrupole GW
source, such as a spinning neutron star with an asymme-
try. The emitted power per solid angle is
dP
dΩ
∝ (1 + 6 cos2 θk + cos4 θk) , (20)
where θk is the angle of the line-of-sight from the BH’s
spin axis. While the power varies by a factor of a few
across different angles, this does not make a qualitative
difference to the phenomenology, and we ignore this vari-
ation in the following sections.
C. Annihilation signals at LIGO
The monochromatic GW signals from bound state an-
nihilations around stellar-mass BHs are in the right fre-
quency range to be detected at Advanced LIGO. A vector
of mass µ results in a GW signal at frequency
fGW =
2ω
2pi
' µ
pi
(
1− α
2
2(`+ 1 + n)2
)
(21)
' 1.3 kHz α
0.2
10M
M
. (22)
In particular, whatever the mass of the BH, the GW sig-
nals from a given vector will be clustered within the an-
gular frequency interval ∼ (1.7µ, 2µ); numerical results
indicate that this lower bound is correct even for relativis-
tic bound states [23]. Writing the emitted GW power as
P ≡ ΓannN2ωGW, the occupation number N of the cloud
evolves as N˙ = ΓsrN − ΓannN2. When the annihilation
term dominates, as it generally will after the cloud has
reached maximum size and spun down the BH, N de-
creases as
N(t) =
N0
1 + ΓannN0t
, (23)
where N0 ≡ N(t = 0). The observed strain therefore
decreases like 1/t for t (N0Γann)−1, with the timescale
of the signal set by
tsig ' (NmΓann)−1 ' 80 sec
(
0.2
α
)11(
M
10M
)
. (24)
Hence, signals can last anywhere between seconds and
millions of years, depending on the value of α.
The mass of the cloud itself contributes to its own grav-
itational binding energy. As the cloud annihilates away,
this contribution to the binding energy decreases, leading
to a positive frequency drift of the annihilation signal,
f˙ ' 10−8Hz/sec×
( µ
1013 eV
)( α
0.2
)3 250 hr
tsig
. (25)
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FIG. 8. Maximum distance at which design-sensitivity Ad-
vanced LIGO could detect monochromatic GWs from a su-
perradiant cloud around a BH with a∗ = 0.9. The solid curves
correspond to the reach for annihilations of the ` = 0, j =
m = 1 vector bound state (purple), and the ` = m = 1 scalar
bound state (green). For each particle mass, we choose a BH
mass that gives the strongest GW signal, resulting in optimal
α values 0.2 for vectors and 0.28 for scalars. The dotted lines
indicate the reach for an example BH mass of MBH = 62M,
corresponding to the final BH formed in the GW150914 BBH
merger observed by Advanced LIGO [60] (it most likely has
spin ∼ 0.7, which reduces the reach for higher vector masses).
Lighter (darker) shading indicates the mass range excluded
by spin measurements for vectors (scalars). Source frequency
is shown on the top axis; the frequency detected on Earth is
reduced by redshift, which is significant for signals originating
from a luminosity distance further than ∼ Gpc.
Monochromatic searches may become difficult with large
frequency drifts. On the other hand, a positive fre-
quency drift is quite unusual for an astrophysical source
and could be used to distinguish the signal from e.g.
monochromatic radiation from rotating neutron stars.
D. Annihilation reach
The rotation and motion of the Earth complicates the
search for narrow-band GW signals at terrestrial GW
observatories. A monochromatic signal from a distant
source is subjected to a time-dependent redshift in the
detector frame, with this time dependence set by its sky
location. As a result, it is not possible to find such signals
by simply Fourier-transforming the strain data; instead,
it is necessary to scan over each possible frequency and
sky position for the source [61]. This is a computationally
demanding process, and if the source is not well-localized,
it is generally too expensive to integrate coherently over
the entire observation time. Instead, LIGO searches [62]
break up the observation time into shorter segments and
integrate coherently within each segment, combining the
results from each segment incoherently. This results in a
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strain sensitivity (for given desired signal-to-noise ratio)
of
hdet = SNRCtf
√
Sh
N
1/4
seg T
1/2
coh
, (26)
where Nseg is the number of segments, Tcoh is the length
of each segment, Sh is the detector’s noise spectral sensi-
tivity [63], and Ctf is the ‘trials factor’, which quantifies
the look-elsewhere effect inherent in searching over many
bins in frequency and sky position. This should be com-
pared to a GW signal strain at the detector of
h =
(
4GP
r2ω2GW
) 1
2
, (27)
for a gravitational wave source with power P and angular
frequency ωGW at a distance r away from the Earth.
Figure 8 shows the maximum distance at which Ad-
vanced LIGO (at design sensitivity) could detect anni-
hilation signals from bound states around a BH with
a∗ = 0.9. This distance is set by the strength of an-
nihilations from the ` = 0, j = m = 1 bound state, which
is the fastest-annihilating superradiant state. The reach
is calculated assuming a large dataset of 121 segments of
250 hour coherent integration times, and trials factor of
20; the most recent search uses 90 segments of 60 hour
coherent times [62].
As Figure 8 illustrates, the existence of the ` = 0 super-
radiant state means that vector annihilation signals can
be seen from much further away than those from scalar
states. The converse of this is that the signal lifetimes for
vector annihilations are correspondingly shorter (since
they radiate away approximately the same overall energy
from the cloud).10 Because the reach for j = 1 annihi-
lations extends to cosmological distances, we account for
the signals red-shifting due to Hubble expansion. The de-
tected frequencies are reduced compared with the source
frequency, fobserved = (1 + z)
−1fsource, and signal times
are increased by the same factor. Between 103 - 104 Mpc
in luminosity distance, the signal frequencies are 1.2 - 2.5
times lower. The effect of redshift changes the peak of
the signal reach toward higher values of µ.
E. All-sky searches
Advanced LIGO performs all-sky searches for
monochromatic gravitational radiation from unknown
10 The brightest signals are typically shorter than the coherent in-
tegration time Tcoh. The reach is thus penalized by a shorter in-
tegration time. Consequently, increasing the annihilation power
increases the signal strain but reduces the detector strain sen-
sitivity by the same amount, so the reach at fixed α stays the
same even if we account for uncertainty in the annihilation rate
by varying its value from ×10−1 to ×101.
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FIG. 9. Expected number of detectable vector j = 1 an-
nihilation sources at Advanced LIGO (at design sensitivity)
in a blind monochromatic GW search with Tcoh = 250 hr,
Nseg = 121, and Ctf = 20 (see text for definitions). Virtu-
ally all events originate from within the Milky Way. The two
bands (dark blue, light blue) assume a BH mass distribution
with a maximum mass Mm = (80, 160)M; in addition, each
band is bounded by optimistic and pessimistic estimates from
astrophysical and theoretical uncertainties. The central val-
ues (for both Mm) are given by the solid curve. The shaded
region is excluded by X-ray binary spin measurements.
sources (e.g. [62]), and vector annihilation signals
provide an excellent target for such searches. Figure 9
shows our estimates for the number of events that might
be observed by Advanced LIGO, using the assumptions
detailed in Appendix D. To account for the large uncer-
tainties regarding the population of astrophysical BHs,
we show a band bounded by optimistic and pessimistic
estimates for BH mass and spin distributions, as well as
their formation rates. We also account for theoretical
uncertainties in our estimate of the annihilation rates
by including a range of annihilation power a factor of 10
above and below the estimate in Eq. (19). The resulting
uncertainty is much smaller than the uncertainty in
astrophysical populations. The non-detection of an-
nihilation signals in an all-sky search at LIGO can in
principle constrain vector masses; however, most of the
parameter space has already been excluded by BH spin
measurements.
While, as illustrated in Figure 8, sufficiently strong an-
nihilation signals could be visible from cosmological dis-
tances, such signals last for only a short time. At smaller
vector masses, for which strong signals only occur around
heavy BHs (i.e. at α not too small), such signals are prob-
ably rare enough that it is unlikely a suitable BH was
born at precisely the right time for its annihilation sig-
nals to reach us now (though as we discuss below, BBH
mergers may give rise to a suitable population of heavy,
fast-spinning BHs). Consequently, the blind search event
rates are dominated by longer, quieter signals originat-
ing from inside our galaxy. A typical such signal, for a
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vector mass of µ ∼ 10−13 eV, comes from a BH of mass
∼ 20M, corresponding to a small α ∼ 10−2, and conse-
quently a very long signal time ∼ 108 yr.
At larger vector masses (& few×10−13 eV), lighter and
more abundant BHs are able to give strong annihilation
signals, so the expected rate for these is large enough that
extra-galactic signals dominate the blind search. The
typical frequency drift of the short, bright signals outside
the Milky Way (MW) is ∼ 10−7 Hz/s, which falls well
outside the current range covered by the aLIGO search;
in Fig. 9, we only include signals with frequency drift
smaller than 2×10−11 Hz/s (see App. E). With this con-
straint, virtually all events from beyond the MW are cut
off for having a too-large frequency drift, leaving only
events from the MW. Vector masses for which such dis-
tant events could dominate the expected event rate are
disfavored by X-ray spin measurements.
Finally, given a single vector particle, we expect the
fractional variation in signal frequencies to be at most
∼ 17% (ignoring redshift), set by the fractional bind-
ing energy, ∼ α22(n+`+1)2 +O(α3) [23]. This clustering of
multiple monochromatic signals would be another han-
dle pointing toward a particle source of the GW signal.
For signals from the MW, the typical signal has α 0.1,
so the monochromatic lines would appear very close to-
gether, within δf/f < 10−3.
In addition to monochromatic signals from individual
BHs, there will also be a ‘stochastic background’ from
signals too weak to be individually resolved. As for the
resolvable signals, at low vector masses we expect this
stochastic background to be dominated by signals from
BHs within the galaxy. Due to the very good frequency
resolution of GW detectors such as Advanced LIGO,
individually-resolvable signals will stand out well above
such a background, but whether such a background may
be observable warrants further investigation.
F. Follow-up Searches
The blind search described above fits well into the ex-
isting LIGO search strategy. Another interesting cate-
gory of search is to look for monochromatic GWs from the
product of a BBH or BH – neutron star (BH-NS) merger,
as proposed for scalar superradiance in [16]. At design
sensitivity, Advanced LIGO may observe a number of
BH-NS mergers, and up to hundreds of BBH mergers a
year [55, 64], each of which could result in the perfect
source for superradiance signals: a new, isolated, rapidly
spinning BH. If its spin is high enough, and there is a
light vector in the right mass range, the new BH will
superradiate a cloud of vectors which will subsequently
annihilate into gravitational radiation. The cloud will
begin to grow once the final BH closely approximates
the Kerr metric; this happens quickly since the ringdown
time is parametrically short compared to the superradi-
ance time. From the properties of the new BH, and the
following monochromatic GWs, it would be possible to
check that such a signal was compatible with superradi-
ance.
Figure 10 shows the expected number of ‘follow-up
search’ events that could be seen at Advanced LIGO and
future GW observatories. The signals which dominate
the event rates are very bright, visible up to the edge
of the reach sensitivity (Fig. 8), corresponding to red-
shifts of z ∼ 1 − 2 with aLIGO design sensitivity. On
the other hand, the signals are quite short (see Eq. 24),
and fall outside of the current LIGO search strategy [62].
The signals also have a large frequency drift of up to
∼ 10−5 Hz/ sec, which may make a search more com-
putationally challenging [61] (see App. E). The events
visible at vector masses below the region constrained by
X-ray binaries rely on the presence of a population of
heavy BHs (M > 100M). We include an estimate of the
uncertainty by using a power-law mass distribution with
a varying exponential suppression of BH populations at
high mass (M > 60M) [64]. Recent aLIGO searches put
the first upper bound on merger rates of intermediate-
mass BHs, which is O(1) consistent with the upper end
of the power-law mass distribution at M ∼ 100M [65];
the BBH mass function will be better constrained with
further measurements, narrowing the range of expected
event rates. In the case of BH-BH mergers, Advanced
LIGO design reach for the merger signal and the follow-
up signal are comparable; for BH-NS mergers, the rates
may be limited by the reach to the merger, which we take
to be 0.927 Gpc [66].
For both types of mergers, the event will be localized
on the sky, and the follow-up search can be focused on a
particular region. For BH-BH mergers there is likely no
electromagnetic counterpart, so the localization is poor
[67]. For BH-NS events, there may be an electromagnetic
counterpart, which would localize the event well enough
to eliminate the need to scan over sky location. We thus
assume longer integration times for the BH-NS follow-
up search, although the signal length limits the overall
coherence time for the brightest signals [61].
GW150914, the first observed BBH merger, resulted in
a final BH mass of 62.2+3.7−3.4 M and spin of 0.68
+.05
−.06, at a
luminosity distance of 440+160−180 Mpc [68]. For an optimal
vector mass of ∼ 2× 10−13 eV the following annihilation
signal would have been visible from as far as ∼ 1 Gpc;
however this mass is excluded by X-ray binary measure-
ments. A lighter vector with mass outside the exclusion
would only be visible at distances of less than ∼ 1 Mpc.
As shown in Fig. 8, a rapidly spinning final BH would be
visible for a wider range of vector masses.
As discussed above, although there is theoretical un-
certainty in the GW annihilation rates, this does not
translate into a large uncertainty in the event rates: the
larger strain is compensated by shorter signal times, and
therefore shorter coherent integration times. If the anni-
hilation rate is more than a factor of a few larger than
Eq. (19), the cloud does not reach maximum size, which
leads to smaller than expected signal power.
In Fig. 10, we assume the binary formation mecha-
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FIG. 10. Annihilation events visible in follow-up searches at
Advanced LIGO and future observatories from products of
BH-NS mergers (red) or BBH mergers of equal mass (blue).
We take a power-law mass distribution with varying exponen-
tial suppression at M > 60M and flat spin distribution of
the merging BHs (and a∗ = 0 for the NS). The bands span
the merger rate uncertainty given GW150914 for BBH [54]
and a factor of 100 uncertainty in the annihilation rates. For
BH-NS uncertainties in rates from simulations dominate (we
take V4l and V2l in [64]). We assume a coherent integration
time of the signal duration, or up to 10 days for BBH and 1
year for BH-NS. Shaded region is as in Fig. 9.
nism does not allow for superradiance, and estimate the
spin of the final BH using [69] starting with an initial
flat distribution of spins. For the BBH merger, if the
two initial BHs have spin close to zero, the final BH will
have spin a∗ ∼ 0.68 for equal mass BHs [69]; an initial
distribution with zero spin reduces the number of BBH
follow-up events by a factor of ∼ 3.
V. DISCUSSION
Black hole superradiance provides a unique probe of
new light, weakly-coupled bosons. In this paper, we have
derived constraints and estimated future signals for a
new, light, gravitationally-coupled vector particle. Exist-
ing X-ray measurements of spins of stellar BHs set strin-
gent constraints on the parameter space, excluding nearly
three orders of magnitude in mass below 2 × 10−11 eV;
if confirmed, supermassive BH spin measurements would
constrain another three orders of magnitude at smaller
masses. Continuous GW signals from annihilating vector
clouds could be bright enough to be seen across cosmo-
logical distances; these signals can be seen in Advanced
LIGO all-sky searches, as well as in follow-up searches
after BBH and BH-NS merger events. The strong spin
constraints, combined with poor LIGO sensitivity at low
frequencies, leave a range of a factor of a few in vector
mass that could be observed through GWs.
Superradiance may spin down a significant fraction of
the pre-merger BHs, giving a statistical signal. The sta-
tistical search has the additional benefit that it only de-
pends on measuring the broadband burst from the BBH
merger, extending its sensitivity to masses an order of
magnitude below X-ray spin constraints. The lack of
aLIGO sensitivity to frequencies below ∼ 10 Hz means
that GW searches cannot probe vector masses too far
below the X-ray binary bound. As discussed in Sec-
tion III B, as long as high-mass BBH events are seen,
detector simulations indicate that reasonably accurate
spin measurements should be possible — the question
then becomes how many of the merging BHs have such
high masses.
As we have explored in this paper, the observational
signatures of light vector superradiance around astro-
physical BHs are analogous to those of light scalars.
The parametrically faster superradiance and GW emis-
sion rates of vector bound states alter the relationships
between different signals and constraints. For scalars,
the all-sky monochromatic GW search for superradiant
clouds is the most promising observational route [16]. For
vectors, the stronger exclusions coming from spin mea-
surements in X-ray binaries mean that there is only a nar-
row mass window in which such searches could discover
a light vector (Figure 9). The strong constraints derived
in this paper give one handle to distinguish vector and
scalar signals: observing monochromatic radiation point-
ing to a particle of mass in the range 5×10−14−6×10−13
eV would suggest scalar rather than vector superradi-
ance. In addition, the vector j = 1, ` = 0 mode is more
tightly bound to the BH, so while for scalars we expect
a spread of . 4% in frequency below 2µa due to BH
binding energy, vector monochromatic lines will cluster
within a broader range, of up to ∼ 17% (not taking into
account the red-shifting of signals). This difference will
only be apparent for large-α signals, such as those giving
rise to extra-galactic sources. In all-sky searches where
weak, low-α signals dominate, the expected frequency
differences between different sources are much less than
1% for both scalars and vectors.
Follow-up searches for newly formed BHs are more
promising for vectors than scalars at current GW obser-
vatories, due to the larger reach. Signals could be seen
from distances beyond a Gpc — however, their short du-
ration and relatively large positive frequency derivative
requires a dedicated LIGO analysis. Measuring the pa-
rameters of the newly formed BH determines, for a given
particle mass and spin, the expected superradiance and
annihilation rates. It would therefore be possible to check
whether any follow-up GW observations were consistent
with vector or scalar superradiance.
Statistical searches for structure in the mass/spin dis-
tribution of merging BBHs are similarly powerful for
scalars and vectors, through the more stringent X-ray
spin limits on vectors mean that sensitivity in the non-
excluded region relies on the observations of heavier BBH
mergers. The existence of the superradiant ` = 0 mode
for a vector means that BH spin-down can be significantly
more efficient. Because of slower superradiance rates and
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a larger impact of companion perturbations, we do not
expect scalar superradiance to reduce BH spins close to
zero on astrophysical timescales, while this could be pos-
sible for vectors.
Our discussion of GW signals was limited to those
from stellar-mass BHs. Lower-frequency observatories,
both space- and ground-based [70–72], could extend the
reach to higher black hole masses, and therefore lower
vector masses. Once lower-frequency GW detectors such
as LISA [72] are operational, mergers involving SMBHs
will become observable, as well as possible monochro-
matic signals from low-mass vector clouds. Estimating
the sensitivity of LISA to monochromatic signals from
vector clouds, we find that, if clouds carrying a signif-
icant fraction of a SMBH’s spin can be built up, then
their GW signals could be visible from most of the way
across the observable universe. The relatively more com-
plicated environments of SMBHs and the importance of
processes of accretion and mergers on SMBH spin evo-
lution [11] requires further dedicated study for reliable
event rate estimates.
A number of papers have considered whether exponen-
tial amplification though superradiance may occur via
the SM photon. It was claimed in e.g. [21] that, if the
SM photon had a very small mass, then the growth of
gravitationally bound photon states could lead to signifi-
cant spin-down of supermassive BHs. However, this anal-
ysis neglects the effects of the surrounding plasma on the
photon equation of motion, which for the extremely low
photon masses considered, . 10−18 eV, will be very im-
portant (for example, the plasma frequency correspond-
ing to a typical interstellar medium electron density of
0.01 cm−3 is ' 4× 10−12 eV).
Another possibility is that, even for a zero-mass SM
photon, the effects of an astrophysical plasma medium
on the photon’s dispersion relation could result in super-
radiant amplification of bound states. The original ‘black
hole bomb’ paper [27] noted that, if there was an ‘evac-
uated cavity’ in the plasma around a BH, this could act
as a ‘mirror’ to confine superradiant waves. However, we
are not aware of plausible astrophysical mechanisms to
generate suitable ‘cavities’. More recently, papers includ-
ing [73] and [74] have claimed that for BH within astro-
physical plasmas (the hot early universe plasma for [73],
and the diffuse interstellar medium for [74]), the ‘effective
plasma mass’ could gravitationally confine EM oscilla-
tions around the BH, leading to exponential superradiant
growth.
Both of these papers make the assumption that EM
oscillations within a uniform plasma are governed by the
Proca equation, DµF
µν = ω2pA
ν . However, only the
transverse photon modes have a dispersion relation ap-
proximately corresponding to a free particle with mass
ωp — the longitudinal mode in a non-relativistic plasma
propagates at a much lower speed O(T/me) [75]. As re-
viewed in Appendix A, only the ‘axial’ (j = `) bound
states for a massive vector correspond to a superposi-
tion of purely transverse waves, so we do not expect the
bound state properties for polar states of a Proca field
to reflect the behaviour of the SM photon in a plasma.
Also, an increased plasma density close to the BH (as
expected from e.g. accretion onto the BH) will generally
result in a suppressed bound state density close to the
BH, leading to suppressed growth rates. It should be
kept in mind that there are other astrophysical situa-
tions in which energy and angular momentum could be
extracted from Kerr BHs via electromagnetic effects, e.g.
the Blandford-Znajek process [76]. However, more care-
ful calculations would be required to determine whether
setups closer to those considered in this paper could be
realised for the SM photon.
In this paper, we have only considered the gravitational
interactions of light vectors. Since the vector masses we
are interested in are so small, the couplings of the vector
to SM matter are generally constrained to be significantly
sub-gravitational in strength [77, 78]. The effects of such
couplings should therefore be a small perturbation to the
gravitational effects we have worked out. An exception is
if long-distance fifth-force or equivalence principle tests
do not apply. A clear example is a very light kinetically-
mixed dark photon, for which the effective coupling to
SM matter is suppressed by at least (mA′/ωp), where
mA′ is the dark photon mass, and ωp is the ‘effective
plasma frequency’ of the SM medium. The charge den-
sity around Earth-based experiments is high enough that
they impose weak constraints on the kinetic mixing at the
very light vector masses we consider [1]. In contrast, the
BH superradiance signals in this paper will apply for any
kinetic mixing below some upper threshold. Calculating
this threshold, and whether any additional observational
signals arise near to it, would be very interesting, though
we leave it to future work.
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Appendix A: Superradiance rates for non-relativistic
bound states
As mentioned in Section II, there are no analytic ap-
proximations to scalar or vector bound states in a Kerr
background that are valid at all radii. Finding bound
state superradiance rates, which depend on the wave-
function near the horizon, therefore requires either a nu-
merical solution of the wave equation, or some matching
between approximate solutions with different regimes of
validity.
Both approaches have been used to find scalar super-
radiance rates. The Klein-Gordon equation is separable
in the Kerr background, so the problem can be reduced
to solving the one-dimensional radial equation. This has
been done numerically in a number of papers (e.g. [10]).
At small α, [9] finds approximate solutions at large and
small radii in terms of hypergeometric functions, and
matches at intermediate radius to obtain the superradi-
ance rates to leading order in α (as discussed below, there
appears to be a factor of 2 error in [9]’s calculation).
We use a similar matching argument to find the
growth/decay rates for vector bound states at small α.
Compared to the scalar case, the problem is complicated
further by the fact that the Proca equation is not sepa-
rable in the Kerr background. Instead, we find separa-
ble approximations which apply at large and small radii,
which can be matched in an intermediate regime.
In the limit of small mass, the Proca field can be de-
composed into two transverse modes, which obey the
photon EoM, and a longitudinal mode, which obeys the
massless KG equation. The evolution of massless scalars,
and the behavior of some of the gauge-invariant functions
of the photon field, can be solved exactly on the Kerr
background via the Teukolsky equation [79]. This helps
us because, for r  µ−1, the mass term in the Proca
wave equation is sub-dominant, and solutions to the full
wave equation are well approximated by solutions to the
massless equations. Conversely, for r  rg, the wave-
function is hydrogenic in the small-α limit, as reviewed
in Section II. Consequently, if the hydrogenic wavefunc-
tion in the regime rg  r  µ−1 can be approximated as
a superposition of massless transverse and scalar modes,
then we can use the behavior of these massless modes to
find the energy flux across the BH horizon for the bound
state.
The absorption probability for a long-wavelength
massless (bosonic) spin-s wave carrying total angular mo-
mentum j is [28]
Pabs '
(
(j − s)!(j + s)!
(2j)!(2j + 1)!!
)2 j∏
n=1
[
1 +
(
ω −mΩ
nκ
)2]
2
(
ω −mΩ
κ
)(
AHκ
2pi
ω
)2j+1
, (A1)
where AH is the BH horizon area, κ ≡ (4pi(r+−rg))/AH ,
and a negative absorption probability corresponds to su-
perradiant amplification. A massless wave of frequency
ω ' µ has an absorption probability scaling as α2j+1, to
leading order in α. As we will see below, part (in some
cases all) of the energy flux into the BH can be obtained
by matching the hydrogenic bound state at small r onto
a massless wave of this frequency. The relevant scaling of
the hydrogenic bound state’s squared amplitude at small
r is α2`, giving an overall growth rate of ΓSR ∝ α2j+2`+4µ
(where the 4 comes from choosing µ as our normalization;
see below).
For a scalar field, where j = `, this reproduces the
known α4`+4µ scaling. As reviewed in Section A 7, pre-
vious works observed the α2j+2`+4µ scaling in numerical
solutions of the Proca equation in a BH background, and
derived it analytically for the j = ` mode in the small-
a∗ limit. Here, we demonstrate how the scaling arises
for all of the bound states, and analytically determine
the leading-α growth/decay rates for some of the low-j
modes, including the fastest-growing ` = 0, j = m = 1
mode. In the main text, when we use higher-` superra-
diance rates for phenomenological purposes, we adopt an
estimate that should be O(1) correct at small α — the
full leading-order expression could be derived in a similar
fashion to our calculations here.
1. Hydrogenic wavefunctions
For r  rg, the bound state wavefunctions are
hydrogen-like,
Ψi ' ΨHi ≡ Rn`(r)Y `,jmi , (A2)
Ψ0 ' ΨH0 ≡ f0(r)Y jm , (A3)
where f0(r) is fixed by the Lorentz condition. The vector
spherical harmonics are given by
Y `,jmi (θ, φ) = (A4)∑`
m`=−`
1∑
ms=−1
〈(1,ms), (`,m`)|j,m〉ξmsi Y `m`(θ, φ) ,
where ξ0 = zˆ, ξ±1 = ∓ 1√
2
(xˆ ± iyˆ) are unit vectors [29].
The labels run over ` = 0, 1, 2, . . . , with j = `− 1, `, `+ 1
(j = 0, 1 for ` = 0), and m = −j, . . . , j; ` can be identi-
fied as the orbital angular momentum, since Y `,jmi (θ, φ)
are eigenfunctions of the orbital angular momentum op-
erator, −r2∇2Y `,jmi = `(`+ 1)Y `,jmi .
18
For a r  rg,
ΨHi ' R0
( r
a
)`
Y `,jmi (1 +O(r/a) +O(rg/r)) , (A5)
where R0 is the first coefficient in the Taylor expansion
of Rn`(r) around the origin.
2. ‘Massless’ wavefunctions
As noted above, for r  µ−1 the mass term is a sub-
leading correction to the Proca wave equation. This is
particularly easy to see in a Schwarzschild background,
where the Proca equation separates into angular and ra-
dial parts. The angular equations do not depend on the
mass, and the mass only enters into the radial equations
via the operator [19]
Dˆ2 ≡ − ∂
2
∂t2
+
∂2
∂r2∗
−
(
1− 2rg
r
)(
j(j + 1)
r2
+ µ2
)
, (A6)
where r∗ is the standard tortoise coordinate. As a result,
for r  µ−1, the µ2 term is a sub-leading correction to
the EoM. This is also true in the full Kerr background.
For r  rg, the solutions of the massless wave equa-
tion are close to the flat-space solutions. A (flat-space)
transverse plane wave has ∂iAi = 0, so by the Lorentz
condition, A0 = 0. A basis for the transverse modes with
frequency ω that are regular at the origin is given by
ΨBi ≡ jj(ωr)Y j,jm , (A7)
ΨEi ≡ jj−1(ωr)Y j−1,jm −
√
j
j + 1
jj+1(ωr)Y
j+1,jm ,
(A8)
where the jn are spherical Bessel functions of the first
kind. Near the origin, for r  ω−1,
jn(rω) ' 1
(2n+ 1)!!
(rω)n +O(rω)n+2 , (A9)
where !! denotes the double factorial.
The longitudinal solutions of the flat-space wave equa-
tion are, in the massless limit, pure-gauge; that is,
−∂iA0 − ∂tAi = 0 and ∇ × ~A = 0. In terms of the
pure-orbital vector spherical harmonics, the regular-at-
the-origin longitudinal solutions are
ΨRi ≡
√
jjj−1(ωr)Y
j−1,jm
i +
√
j + 1jj+1(ωr)Y
j+1,jm
i√
2j + 1
,
(A10)
ΨR0 = jj(kr)Y
jm. (A11)
Together with the transverse modes ΨE and ΨB , these
form a complete basis for regular-at-the-origin solutions
to the flat-space wave equation for vanishing mass.
The reason for taking the solutions that are regular at
the origin is that these correspond to an ingoing wave
which ‘passes through the origin’ undisturbed to become
an outgoing wave. At large radii, r  ω−1, we can de-
compose jn(ωr) into ingoing and outgoing parts,
jn(rω) ' e
iωr−(n+1)ipi/2 + e−iωr+(n+1)ipi/2
2ωr
. (A12)
3. j = ` bound states
The j = ` hydrogenic bound states have wavefunction
Ψi = R
nj(r)Y j,jmi , Ψ0 = 0 . (A13)
In the interval rg  r  µ−1 we can match this form
onto the ΨB transverse solution, with
ΨHi ' CBjj(µr)Y j,jmi , CB =
(2j + 1)!!R0
(µa)j
. (A14)
Thus, near the BH, the wavefunction looks like a super-
position of ingoing and outgoing massless waves. In that
physical situation, the energy flux through the horizon
is given by the energy flux in the ingoing wave, multi-
plied by the BH absorption probability from equation A1.
This gives us the energy flux into the BH from the ‘gauge-
invariant’ components of the stress-energy tensor, i.e. the
first and third terms in
Tµν = FµαF
α
ν +µ
2AµAν+gµν
(
−1
4
FρλF
ρλ − 1
2
µ2AρA
ρ
)
.
(A15)
Since A0 ' 0 in the hydrogenic regime, the µ2AµAν con-
tribution to the energy flux into the BH can be shown to
be sub-leading in α compared to the FµαF
α
ν ‘Poynting’
contribution (the gµν parts of Tµν do not give an ingoing
energy flux).
The magnitude of the Poynting flux can be found via
equation A1. To set the normalization of the ‘massless
waves’, we can evaluate the energy flux in the ingoing
part of ΨB by calculating the Poynting vector at large
radii. There, the ingoing part has wavefunction Ψi '
C e
iωr
2ωr Y
j,jm
i , for which the time-independent part of the
Poynting vector is
S = E×B = |C|2
(
1
4ω
1
r2
∣∣Y j,jm∣∣2 rˆ+ ⊥)+ . . . , (A16)
where ⊥ indicates components perpendicular to the ra-
dial direction rˆ. This gives an energy flux through a
sphere of large radius of ∼ |C|2/(4ω). Thus, the en-
ergy flux across the BH horizon for the bound state is,
to leading order in α, |CB |2Ps=1,j/(4µ). Performing the
analogous calculations for a scalar bound state, we obtain
a flux of |CB |2Ps=0,j/(4µ), so
Γj=l =
Ps=1,j
Ps=0,j
Γscalar,j =
(j + 1)2
j2
Γscalar,j . (A17)
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This agrees with the expression derived by [20], and is
accurate to leading order in α for any a∗. Our matching
calculation gives a scalar bound state decay rate that is
two times smaller than that found in [9], though it agrees
with the expression given in [20], and also matches the
numerical results of [10].
4. ` = j − 1 bound states
Vector bound states with j 6= ` have A0 6= 0 at the
level of the hydrogenic wavefunctions, so the matching
procedure is slightly more complicated than for the j = `
states. For the ` = j−1 hydrogenic bound state, we have
∂iΨ
H
i =
√
j
2j + 1
(
R′(r)− (j − 1)R(r)
r
)
Y jm . (A18)
Since ΨHi ∼ (r/a)j−1Y j−1,jmi near the origin, the leading
term in the brackets cancels, and we obtain
Ψ0 ∼ 1
µa
( r
a
)j−1
Y jm . (A19)
Taking the example of the ` = 0, j = 1, n = 0, mode, we
have
ΨHi =
2
a3/2
e−r/aY 0,11i , Ψ0 '
2i√
3ωa5/2
e−r/aY 11 .
(A20)
In the matching region, where only the first term of (A8)
is significant at leading order in α, the bound state can be
approximated by the purely-transverse even-parity mode
ΨE (A8). As for the j = ` modes, this matching tells
us the energy flux into the BH from the E and B fields.
However, for the ` = 0, j = 1 mode, the contribution from
µ2AµAν is no longer sub-leading. In a Schwarzschild
background, we can see this from the fact that the ra-
dial dependence of Ψ0 is approximately constant near to
the BH, taking the form from equation A20 even at small
radii.11 The energy flux through the BH horizon is
dE
dt
=
∫
dAHTµνk
µξν (A21)
=
∫
H
dA
(
FµαF
α
ν + µ
2AµAν
)
kµξν , (A22)
11 Using the Proca equations of motion, which are separa-
ble in Schwarzschild coordinates [19], we have Dˆ2(rA0) −
2rgf
r
(
Er + (rA0)/r2
)
= 0, where f ≡ 1 − 2rg/r, and Er is
the radial electric field. Since A0 is approximately constant at
small radii in the hydrogenic regime, A0 ' −rgEr there. In a
Schwarzschild background, Er obeys its own wave equation, and
it can be checked that A0 + rgEr remains small even when r
becomes comparable to 2rg . Thus, A0 approximately obeys the
` = 0 scalar radial equation, so is approximately constant all the
way to the horizon.
where kµ is the timelike Killing vector field, and ξµ (= kµ
in Schwarzschild) is the normal to the horizon. Using
ingoing Eddington-Finkelstein coordinates, we obtain〈
dE
dt
〉
=
∫
H
dAµ2〈A2v〉 '
16
3
α7µ2 , (A23)
(where the angle brackets indicate time averaging) to
leading order in α, compared to 323 α
7µ2 for the Poynting
term from the ΨE matching. Numerical simulations of
Proca bound states in a Schwarzschild background show
a ratio of Poynting to µ2AµAν fluxes that is very close to
2, as expected. The combined decay rate for the bound
state is Γ ' 16α7µ , (where we take ‘decay rate’ to mean
the energy density decay rate, i.e. twice the field ampli-
tude decay rate).
The ΨE matching computation does not depend on
whether the background is Schwarzschild or Kerr, since
the ∼ (rg/r)2 differences between the two metrics give
corrections that are sub-leading in α. So, to obtain the
Poynting energy flux into a Kerr BH, we can multiply the
Schwarzschild flux by the pre-factor
Pj=1|a∗
Pj=1|a∗=0 . For the
µ2AµAν contribution, the energy flux into the BH scales
like
Pj=0,m=1|a∗
Pj=0,m=1|a∗=0 (where we have abused notation slightly
by evaluating (A1) with j = 0 but m = 1). Combining
these scalings, we can obtain the leading-α growth rate
for the bound state around a Kerr BH of any spin,
Γl=0,j=m=1 ' −32
3
α7µ
Pj=1|a∗
Pj=1|a∗=0 −
16
3
α7µ
Pj=0,m=1|a∗
Pj=0,m=1|a∗=0
(A24)
' 4a∗α6µ (A25)
where the last equality is in the α a∗ limit. While the
ω terms in the
∏j
n=1 part of P (equation A1) are techni-
cally higher order in α, we keep them in the expressions
we use, since they give the correct behavior when ω−mΩ
is a small parameter (i.e. near the superradiance bound-
ary for that level).
For ` = j+1 > 0 bound states, the situation is similar:
the Poynting flux can be obtained by matching onto the
transverse ΨE mode, while there is an additional ‘scalar’
flux that can be determined from the behavior of the A0
part of the wavefunction. It can be demonstrated that
both of these result in a Γ ∼ α2j+5µ scaling (for the
Schwarzschild decay rate), while their coefficients could
be calculated by arguments similar to those above.
5. j = 0, ` = 1 bound states
For j = 0, the longitudinal mode is
ΨR0 = j0(ωr)Y
00 , (A26)
ΨRi = j1(ωr)Y
1,00 ' ωr
3
Y 1,00i +O((ωr)3) , (A27)
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(there being no Y −1,00 harmonic) which matches the
form of the hydrogenic bound state,
ΨHi ' R0(r/a)Y 1,00i ⇒ ΨH0 ∼
−3iR0
µa
Y 00 . (A28)
This is as expected, since massless transverse states must
have j ≥ 1, so cannot match the form of a j = 0 state.
Matching onto the massless scalar absorption rate, we
obtain
Γ ' 16α
7µ(n+ 1)(n+ 3)
(n+ 2)5
(A29)
as the leading-α Schwarzschild absorption rate. We can
derive the Kerr rates via multiplying by the
Pj=0,m=0|a∗
Pj=0,m=0|a∗=0
factor as above.
6. ` = j + 1 bound states
Similarly to the ` = j − 1 bound states, the ` = j + 1
bound state growth/decay rates receive same-order con-
tributions from the Poynting flux obtained by match-
ing onto the ΨE mode, and from the ‘scalar’ flux. The
ΨHi ∼ (r/a)j+1 behavior near the origin results in a
Schwarzschild decay rate Γ ∼ α4j+7µ, which can then
by translated in a Kerr growth/decay rate as above.
7. Comparison to literature
A number of papers have considered the growth/decay
rates of vector bound states around BHs. The first work
to notice the Γ ∼ α2j+2`+5µ scaling, [19], performed nu-
merical computations of bound state decay rates around
a Schwarzschild BH, where the Proca equation is sep-
arable (as noted in Section II, their labels for j and `
are switched relative to ours). They observed that the
numerical results were well fit by the form we derived
above, and gave an analytic argument for the j = ` case.
In Figure 11, we compare our analytic leading-α decay
rates for the Schwarzschild background, to [19]’s numer-
ical results. The numerical results converge to the ana-
lytic expressions at small α, and deviate at finite α in a
manner similar to the scalar case, which is plotted in the
lower panel of Figure 11.
A different analytic matching approach was pursued in
[22]. While we match at the level of wavefunctions, [22]
posit an effective Hamiltonian that describes the inter-
action of long-wavelength field modes with a small BH,
and then use this to compute bound state growth/decay
rates in the small-a∗ approximation. Given the assumed
form of their effective Hamiltonian, there appears to be
no choice for the operator coefficients that leads to the
correct scaling of growth rates / amplification factors as
a function of α for all of the bound states / scattering
states. For example, the choice of coefficients presented
in [22] gives the correct scaling α2`+2j+5µ for j ≥ 1 but
gives a decay rate of ∼ α9µ in Schwarzschild for the
j = 0, ` = 1 mode, whereas we find∼ α7µ, which matches
the numerical computations of [19] and [20]. Moreover,
though this choice gives the correct α dependence for
other bound states, it gives different numerical coeffi-
cients to ours. Comparing the leading-a∗, leading-α su-
perradiance rates presented in [22] with those derived in
this work, we have
Γ ' 4a∗α6µ ΓEP ' 20
3
a∗α6µ (j = 1, ` = 0)
(A30)
Γ ' 1
6
a∗α8µ ΓEP ' 1
3
a∗α8µ (j = 1, ` = 1) ,
(A31)
where ΓEP denotes the rate from [22]. In particular, [22]
obtains a rate for the j = ` = 1 level a factor of 2 larger
than this work, where the latter agrees with the analytic
calculations of [19] and [20].
Another approach is to expand in small a∗, obtaining a
coupled set of one-dimensional equations are then solved
numerically [20, 21] . Whereas our analytic approach
is under control at small α but arbitrary a∗, this semi-
analytic method [20, 21] is theoretically under control at
arbitrary α but small a∗. The numerics are challenging
at small α, resulting in the α2`+2j+4 scaling being ob-
scured due to numerical errors for the leading j = 1, ` = 0
level [20]. Comparing the two approaches, we find good
agreement in the small-α, small-a∗ regime, as expected.
Figure 12 compares the results for the ` = 0, j = m = 1
level. At a∗ = 0, the small difference between the result
from [20], which is a numerical calculation to all orders
in α, and our leading-α result, comes from α needing to
be smaller for our expansion to accurately converge, as
per Figure 11. As Figure 12 illustrates, the difference is
significantly greater at larger a∗. It would be interesting
to compare to a full numerical calculation, to see how
small α needs to be before our leading-α form gives the
correct a∗ dependence.
To perform a controlled calculation at large a∗ and
large α, it appears to be necessary to do a full 2D (in
r and θ) computation in the Kerr background. [24] per-
forms a numerical time-domain simulation of this kind,
and finds that the amplitude of an initial wave packet
grows over time around a fast-spinning BH, though they
do not appear to cleanly separate the different bound
states. [23] performs a similar numerical simulation, and
extracts the fastest-growing vector bound states in a Kerr
background. As described in Section II C and illustrated
in Figure 2, their results correspond well to our analytic
approximation.
Appendix B: Perturbations due to companion
The presence of a star or BH as a binary companion
to a superradiating BH can hinder superradiance of a
growing level because such an asymmetric perturbation
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FIG. 11. Decay rates of vector (top panel) and scalar (bot-
tom panel) bound states around a Schwarzschild BH. Dotted
lines are numerical calculations from [19] and [10], while solid
lines are our analytic rates. As expected, the analytic and
numerical results agree at small α.
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FIG. 12. Comparison between the second-order in a∗
growth/decay rates for the ` = 0, j = m = 1 mode computed
in [20] (dashed lines), and our leading-order in α approxima-
tion (solid lines), for two values of α. As expected, the decay
rates agree to within a factor ∼ 2 when both a∗ and α are
small, but are more different when a∗ is larger.
can cause the growing level to mix with decaying ones. In
this appendix, we show that this perturbation does not
affect the bounds set with BH spin measurements, and
estimate the size of the effect on spins in BBH systems.
The orbits of companion stars in X-ray binaries have
a period on the order of days or more, at distances of
R ∼ 107 km away from the BH. Since the orbital periods
are much smaller than the energies of the bound states,
the perturbing potential changes adiabatically, and we
can consider a static perturbing potential δV (~r). This is
also the case for BBH systems at the early stages of their
formation, where they are separated by distance
R ∼ 106rg
(
T
1010yr
)1/4(
2M
M
)1/4
, (B1)
assuming two equal mass BHs that merge in time T
through GW emission.
The condition that a particular superradiant level has
a net positive growth is given by∣∣∣∣∣Γ
n′j′`′m′
decay
Γnj`msr
∣∣∣∣∣
1
2
∣∣∣∣∣ 〈A
n′j′`′m′
decay |δV (~r)|Anj`msr 〉
∆E
∣∣∣∣∣ < 1 , (B2)
where Γdecay and Γsr are the decay and superradiance
rates, Adecay and Asr are the bound states, and ∆E is
the energy difference between the states [13].
At small α (large cloud size) where this perturbation
is most important, the ratio of the rates is dominated by
the α power, and scales as
Γn
′j′`′m′
decay
Γnjlmsr
∼ α2(j′−j)+2(`′−`) . (B3)
To estimate the perturbation by the companion on the
bound state, we decompose its gravitational potential
into multipoles:
δV (r, θ, φ) ' (B4)
GM ′
R
1 + r
R
∑
−1≤m≤1
4pi
3
Y1m(θ, φ)Y
∗
1m(θ
′, φ′) + ...
 ,
where M ′ is the companion mass, R the distance between
BH and companion, and primed coordinates correspond
to the companion’s location. The leading contribution
comes from the dipole term. The dipole mixing term
allows mixing of the superradiating (N = ` + 1, j, ` =
j − 1, m = j) state with any other bound state with
∆` = 1.
The fastest superradiating level has j = m = 1, ` =
0, N = 1 and can undergo dipole mixing with the N = 2,
j = m = 0, ` = 1 level. Since ` + j is the same for both
states, Γdecay/Γsr ∼ 1. Because ∆N 6= 0, the energy
difference is set by the difference in the bound state en-
ergies ∆E ∼ 3µα28 . For perturbations to be unimportant
for this level, the condition is
α &
(rg
R
)1/2( M ′
MBH
)1/4
. (B5)
For typical X-ray binary and BBH systems, this condition
saturates at α ∼ 10−3. At such low values of α, the
superradiance rates are too slow to form a maximally
filled cloud within a binary lifetime, so mixing does not
impose an additional constraint.
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The story for the j > 1 levels is slightly different.
For the strongest perturbation, consider mixing with the
“lower” (N ′ = N , j′ = j−1, `′ = `−1, m′ = m−1) bound
state. Because the energy quantum number N stays the
same but ` changes, the energy difference is given by the
“fine” splitting ∼ µα4 in the hydrogenic limit; including
higher-order corrections to the bound states and metric
may lift degeneracies and increase the splitting, which
would reduce the effect of the mixing. The ratio of decay
to SR rate is ∼ α4.
For j > 1 levels, the resulting mixing does not affect
superradiant growth if
α &
(
N rg
R
)1/4(
M ′
MBH
)1/8
. (B6)
For the X-ray binary systems used to constrain vector
masses, the values of α that saturate this condition are
small enough such that the “lower” bound state still sat-
isfies the SR condition. (Note that these “lower” bound
states we considered are not the same as the fastest super-
radiating bound states with a lower j; they have different
energy quantum number N .) Thus, for these BHs, per-
turbations due to a companion star are not the limiting
factor. Instead, the limiting factor is that the superradi-
ance time has to be faster than the BH lifetime.
For BBH systems, the typical time for superradiance to
occur is longer, 107 – 1010 years, and the BH companion
may start at a closer distance. This means that for the
j > 1 levels the mixing is important in limiting the spin-
down of BHs in black hole binaries, and we take this into
account when estimating the power of statistical searches
at aLIGO (Section III B).
For j = 1, the values of α affected by companions are
also typically too small to produce observable GW sig-
nals, so blind searches for GWs may be sensitive to BHs
in binary systems as well as isolated BHs; the populations
are expected to be comparable [80].
Appendix C: Gravitational radiation rates
From [81], if the metric g
(B)
µν corresponds to a back-
ground vacuum (Rµν = 0) spacetime, then small metric
perturbations
gµν = g
(B)
µν + hµν (C1)
are sourced by a small stress-energy tensor Tµν through
the linearized wave equation
DαDαh¯µν + 2R
(B)
αµβν h¯
αβ = −16piGTµν , (C2)
where h¯µν = hµν − 12hgBµν is the trace-reversed metric
perturbation (working in ‘Lorentz gauge’ h¯;νµν = 0). In-
dices here are raised and lowered by g
(B)
µν , and ∇s denote
covariant derivatives.
In flat space, this reduces to the usual wave equation
∂α∂αh¯µν = −16piGTµν . (C3)
This can be solved using the flat-space Green’s function.
For a periodic Tµν , we obtain an emitted power [82]
dP
dΩ
=
Gω2
pi
T˜ ijTT (ω, k)
(
T˜ ijTT (ω, k)
)∗
, (C4)
where T˜µν is the spatial Fourier transform of Tµν , and
T˜ ijTT is the transverse (relative to
~k) traceless part of T˜ ij .
If the background space is weakly curved,
g(B)µν = ηµν + µν , (C5)
where µν is small, then we can expand hµν to each order
in , writing hµν = h
(0)
µν + h
(1)
µν + . . . . The homogeneous
wave equation at first order in  is then (schematically)
∂2h¯(1) = −(∇∂ + ∂∇− 2∂∂)h¯(0) − 2R(B)h¯(0) , (C6)
where we have suppressed indices.
For gravitational radiation from transitions between
levels, the above story works well. It can be checked
that, in the small-α limit, the contribution to gravita-
tional radiation from the strongly-curved space near the
BH (r ∼ few × rg  ω−1) is small. In the weakly-curved
background far away from the BH, the h(1) correction is
sub-leading in α to h(0), where h(0) is the result obtained
from the non-relativistic bound state Tµν sourcing gravi-
tational waves through their flat-space Green’s function.
However, the small-curvature expansion breaks down
for gravitational waves from bound state annihilations.
The problem is that we have only a single small param-
eter, α, which controls both the small curvature and the
properties of Tµν . From the continuity properties of the
(non-relativistic) Tµν near the origin, its Fourier trans-
form must fall off at least as fast as some particular power
of k, at large k  a−1. However, due to a cancellation
that occurs for hydrogenic bound states, it actually falls
off faster than this, resulting in h(0) being suppressed by
extra powers of 1/(ak) ∼ α. If we try to solve Eq. (C6)
for h(1), there is a suppression from the small non-flat
parts of the metric, but the cancellation from the radial
profile of the source term is lifted. The result is that h(1)
is of the same order or lower order in α as h(0), and the
expansion hµν = h
(0)
µν + h
(1)
µν + . . . stops making sense.
In the case of the 2p scalar bound state [14], the cancel-
lation suppresses the flat space amplitude by two powers
of α relative to the ‘naive’ expectation, while (in the for-
mal expansion) the h(1) part is only suppressed by α from
the small curvature. The result is that the ‘Schwarzschild
background corrections’ actually determine the leading-
order-in-α annihilation rate. For higher-` scalar bound
states, the cancellation only suppresses the flat space am-
plitude by one power of α, resulting in the Schwarzschild
correction being of the same order.
For all of the vector bound states, the latter situation
applies; the Schwarzschild correction gives a same-order
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contribution to the annihilation rate. To actually com-
pute the leading-α form of the rate, it is generally sim-
pler to use the wave equation for perturbations to the
Riemann tensor, rather than to the metric as above. Us-
ing the Newman-Penrose scalar Ψ4, which corresponds to
the appropriate components of the Weyl tensor describ-
ing gravitational radiation, it is possible to write down
a one-dimensional radial equation, sourced by appropri-
ate combinations of Tµν and its derivatives [14, 83]. We
have calculated an approximation to this solution for the
` = 0, j = 1,m = 1 level (the fastest-growing vector
bound state), finding that it leads to a rate ∼ 10 times
the naive flat-space estimate in the small-α limit. This
gives an emitted GW power of
P ' 60α12GN
2
r4g
' NMµ
(
N
NM
)2
60α12µ , (C7)
where NM ≡ GM2 is of order the maximum occupation
number of the level (as per Eq. (14)). Thus, for small α,
the cloud annihilates on a timescale much larger than its
oscillation time. However, as discussed in Section II D,
this timescale can be shorter than other astrophysically-
relevant ones, including the growth timescale for the next
superradiant level. For a general bound state, the grav-
itational radiation power scales like α4`+12GN2r−4g . Ta-
ble III shows the ‘flat-space’ results for the first few levels;
as described above, one would expect the full leading-
α results to have the same α dependence, but different
(generally larger) numerical coefficients.
For a spherically-symmetric background metric, the
angular distribution of the emitted gravitational radia-
tion is set by the angular form of the Tij source. This
will be the case for the leading-α GW emission from
bound states, since as per above, the leading-α annihila-
tion power can be obtained purely from the Schwarzschild
part of the metric. Thus, the emitted tensor modes from
a Y `,jm state will be of the TE2,(2j)(2m) form (in the
notation of [29]), giving the same polarization and an-
gular emission profiles as a standard quadrupole GW
source, such as a spinning asymmetric neutron star. For
a j = m = 1 state, this corresponds to an angular emis-
sion power profile of
dP
dΩ
∝ (1 + 6 cos2 θk + cos4 θk) . (C8)
In particular, the emitted power in the most intense di-
rection is 5/2 times the angle-averaged power, and in the
least intense direction is 5/16 times the average power.
Since this angular variation is not too strong, we have
simply used the averaged value for the calculations in
the main text.
Appendix D: Calculation for number of detectable
sources
For each vector mass µ, we estimate the number of de-
tectable sources by integrating over various astrophysical
j ` = j − 1 ` = j ` = j + 1
1 32α
12
5
α16
2560
(5× 10−8)α20
2 α
16
126
(1× 10−6)α20 (1× 10−11)α24
3 (6× 10−6)α20 (7× 10−10)α24 (4× 10−15)α28
4 (2× 10−9)α24 (2× 10−13)α28 (2× 10−13)α32
5 (4× 10−13)α28 (2× 10−17)α32 (6× 10−23)α36
TABLE III. ‘Flat-space’ results for the leading-α gravitational
wave emission power/(N2m
G
r4g
) for vector bound states. For
given j and `, and we take m = j, and n = 0.
distributions of stellar mass BHs:
Number of sources =
∫ Mmax
Mmin
dM P (M)×
∫ 1
0
da∗ P (a∗)
×
∫ reach(M,a∗)
0
dr P (r)
× τsig(M,a∗, r)× BHFR ,
(D1)
where P (M), P (a∗), and P (r) are the normalized prob-
ability distributions of finding a BH with mass M and
spin a∗ at a distance r away, reach(M,a∗) is the max-
imum distance of such a BH whose signal is above the
detector noise floor, τsig(M,a∗, r) is the signal duration,
and BHFR is the BH formation rate.
We follow the astrophysical distributions used in Ap-
pendix C of [13] with a few changes to the BH mass
distributions in light of recent LIGO observations con-
firming the existence of ∼ 30M BHs. To account for
astrophysical uncertainties, the parameters in the distri-
butions are varied to produce optimistic, realistic, and
pessimistic estimates (see Table IV).
For the mass distribution, we use
P (M) = M0e
Mmin
M0 e−
M
M0 , (D2)
with Mmin = 4.1M, and width M0 that is varied in our
estimates. We impose a maximum cutoff mass with two
different values: Mmax = (80, 160)M. Using a distribu-
tion that falls off more slowly, e.g. power law, increases
the number of detectable sources at low vector mass. We
use the spin distributions stated in Table IV. For the dis-
tance distribution, we use a δ-function at 8 kpc for BHs
in the Milky Way, and follow the blue luminosity distri-
bution (Figure 6 in [84]) for those beyond our galaxy.
Quantity Optimistic Realistic Pessimistic
M0 (M) 7.9 4.7 4.7
P (a∗) 90% above 0.8 30% above 0.8 uniform
BHFR (per century) 0.9 0.38 0.08
TABLE IV. Parameters of astrophysical distributions used
to estimate number of events.
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Appendix E: Frequency drift
As mentioned in Section IV C, the gravitational self-
energy of the cloud will affect the frequency of GWs
emitted through annihilations. As the cloud annihilates
away, this contribution to the binding energy decreases,
resulting in the emitted frequency increasing with time.
The rate at which the frequency changes can affect the
detectability of the annihilation signal.
LIGO continuous wave searches currently cover a range
of positive to negative frequency derivatives, 3.39×10−10
Hz/s through −2.67 × 10−9 Hz/s with Tcoh = 60 hours
[62]. For Tcoh = 250 hours, and the same amount of com-
putational time, the maximum positive frequency drift
searched over is f˙max ∼ 2× 10−11 Hz/s [61].
To estimate the expected frequency drift f˙ , we start
by calculating the gravitational self-energy (per particle)
of a bound state,
Ucloud = −G
∫
ρmN (r)
r
d3x , (E1)
where
mN (r) =
∫ r
0
Nmρ(r) d
3x and ρ(r) = µ|ψ|2 . (E2)
For the j = 1 bound state, ψ is the n = 0, ` = 0 hydrogen
wave function, and the frequency drift is
f˙ ' 1
2pi
× 2U˙j=1 cloud (E3)
' 5µα
3
16pi
(ΓannNm)
(
Nm
GM2
)
, (E4)
where we have used N˙m = −ΓannN2m. For annihilation
signals that come from beyond the Milky Way, which are
stronger and have shorter annihilation times than those
from the Milky Way, the frequency drifts are too large (&
10−8 Hz/s), and are thus beyond the range searched by
aLIGO. Without this constraint on the frequency drift,
there would be a comparable number of expected events
from outside the Milky Way peaking at ∼ 10−12 eV.
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